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Abstract 

We have dealt with the Euler's alternating series of the Riemann zeta function to define 
a regularized ratio appeared in the functional equation even in the critical strip and showed 
some evidence to indicate the hypothesis. We briefly review the essential points and we also 
define a finite ratio in the functional equation from divergent quantities in this note. 
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Until now regularizations by way of the zeta function have been successful in some phys- 
ical problemsJHJ HQ], but the Riemann hypothesis itself has been remained to be proved. 
Recently we have shown the evidence using the Euler's alternating summation, which is 
finite even in the critical strip and seems to be essential to clarify the Riemann hypothesis, 
in the story of the finite quantities. [6] 

Here we will briefly review the essential points and give other evidences, one of which is 
also related with the finite ratio appeared in the functional equation and another is in the 
story of the divergent quantities for the previous derivation. 

The definition of the Riemann zeta function is 

n 

C(z)= lim £>(*), Uz) = J2r Z W 

n->oo z — ' fc 
k=l 
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for $lz > 1 [T]. In this note we adopt a hat notation such as CI- 2 )? which is well defined even 
in the critical strip < §lz < 1, such as the Euler's alternating series 



(-1) 



fe-i 



1 — 2 1 2 n— >oo fcz 

k=l 

We often mention a hat notation as a "regularized" form because a hat expression is defined 
by a subtraction an infinite number from a divergent quantity. 

In this note, we deal with the Euler's alternating series of the Riemann zeta function as 
(J2J) to well-define even in the critical strip < 9ftz < 1 and utilize the functional equation 
to indicate the hypothesis. Hereafter we are only interested in the region > | for the 
Riemann zeta function, because the functional equation ensures the regularized nature of 
the zeta function for the other half plane 9ftz < ~. 

There is a relation called the functional equation for the Riemann zeta function 

((z) = H(z)C(l - z), (3) 

where H(z) is given by 2r(l — z){2n) z ^ 1 sin — and is not equal to zero for - < 'Stz < 1. 
Hereafter we deal with H(z) as the infinite limit of H n (z) defined by 

H n (z) = J^- (4) 

Cn(l - Z) 



where ( n (z) is defined by 



n 1 1 



C n (z) = Cn(z) - — (5) 

but as we will give a notice, we have to take care of substituting a zero for z in the limit of 
n — > oo. 

The relation between ( n (z) and £ n (z) is special because the relation form itself conserves 
before and after the regularization as 

k„0) = (2n(z) ~ 2 1 ~*Cn(z), (6) 
&n{z) = C 2 nW"2 1 - 2 CnW, (7) 

where we used the relation (jSJ) and we do not use a hat notation for £,2n(z) because it is 
already well-defined in the critical strip. Adding the term Cin{z) to both sides of (JTj), we get 

+ Liz) = 2( 2n (z) - 2 1 - z Uz), (8) 
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where the left-hand side is an order of 0(n~( 1+Siz ') for n — > oo shown in Appendix, whereas 
an order of each term is 0{n~^ z ). 

When we put z = p which is one of the non-trivial zeros for the Riemann zeta function 
in (jHJ), take the absolute values and use the property of the zeta function that 1 — p is also 
a zero as p is, we get 

2|6n(p)| = \2 l -?\\Up)\+0{n-^) (9) 

2|6n(l-p)| = m|Cn(l-p)|+OK- 2 ), (10) 

where a = 5fp. 

Combining (EJ) with ( flOl) . we get 

\H 2n (p)\ = \2 l - 2 o\\H n { P )\+0{n- 2 °). (11) 



When we think about the limit of n — > oo in (II ip . the left hand side will coincide with 
\H(p)\ and lim \H n (p)\ converges to the same value in the right hand side. The reason why 

n— >oo 

we have introduced the absolute values in fl9]) to ( ITT]) is as follows. A dependence of n in 
H n {p) also appears as a function of n in the argument. To eliminate this dependence, we 
have taken absolute values. After all we can conclude that the term |2 1_2p | is equal to one 
which means that a real part of the zero 9ftp is identical to one half. 

For a while, we think about each value of n-dependent function for the non trivial zeros. 
We can easily get the n-dependent value and the next leading order for the H n (z) as follows: 

Up) = i + °(^ (CT+1) )> ( 12 ) 

&(i-/0 = ^ + °(^ 2 )- ( 13 ) 

So we can reach the relation 

H n {p) = J^- = + 0{n-^). (14) 

Cn(l - P) 

When we think about the limit of n — > oo in ( JT4|) . the left hand side will converges the finite 
value which coincides with H(p) beside the argument. The real part of 1 — 2p must be equal 
to one in the right-hand side to have a finite value. Then we can conclude that a real part 
of the zero 9ftp is identical to one half. 
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For the use of non- regularized quantities ( n (z) appeared on right-hand side in Eq.([5]), the 
functional equation for n can be also defined as follows: 

C n (z)=H n (z)C n (l-z), (15) 

where Cn( z ) is defined by Eq.Q and we refer H n (z) to the non-regularized coefficient as 

Cn(z) U^+n^/il-z) 



HJz) 



n 



1-22 



Cn(l-Z) Cn(l - Z) + U z I 'Z 

U^/n 1 -* + 1/(1 - z) 
4(1 - z)/n z + 1/z 

Uz)/n l - z + 1/(1 - z) 



n 



1-22 



H n (z)-Kn(z)/n* + \/z 
Considering the limit of n — > oo for z = p, we get a relation 

,1-2, f Cn(p)/w 1 -'+ 1/(1- P ) 

H n { P )- 1 Up)/n p + i/p 
i l - 2p + 0(n~ 2 °). 



(16) 
(17) 
(18) 



Hn{ P ) 



n 



P 



l-p 



-n 



(19) 
(20) 



When we deal with the Euler's alternating series in Eq.(J2]) for the Riemann zeta function, 
we can evaluate the function for z even in the critical strip < 3tz < 1 as mentioned above. 
The discussion about the ratio of H 2n (p) and H n (p) is parallel to the regularized quantities [B] 
which we have briefly reviewed above, by using Eq. (jUJ), we get 



lim C 2 n(p) = lim ( n (p) 

n— voo n— >oo 

and using the property that 1 — p is also a zero as well as p is, we also get 

lim C2n(l-/>) = 2" lim Cn(l-p). 

n—¥oo n— >oo 

Combining Eqs. fT2T]) with (122]) . we get 

lim H 2n {p)=2 1 - 2 P lim H n (p). 

n— >oo n— >oo 

So the way to reach the conclusion is taking an absolute value in (T2"5|) with (fTTj) 



| 2 l-2p. 



lim 

n— >oo 



H 2n (p) 



Hn(p) 



lim 

n— >oo 



H 2n (p) 



Hn(p) 



\H(p)\ 
\H(P)\ 



(21) 



(22) 



(23) 



(24) 



where we have to use the regularized quantities because we do not know whether the non- 
regularized quantities limit to the same absolute value, but we can confirm that this is the 

fact and which claims that a real part of the zero 3?p is equal to — . 

On the other hand, by using Eq.flH]) and the property of the Euler's alternating series, we 
can get 

( 2 n(p) = 2 1 - p Up) + 0(n-°), (25) 

and the n-dependent zeta function in each side can be reduced to n-th power using Eqs.flHD 
and (fT5|) . and we get the relation 

H 2n (p)(2nY/p = (2n) 1 -7(l - p) + 0(0 (26) 

leads us to 

H 2n ( P ) = -^(2n) 1 - 2 " + 0(n~ 2 n, (27) 
1 - p 

which is consistent with fl20|) . In Eq. (I27[) we can find the fact that even the non- regularized 
quantities H n (p) converges as 

^ = r 5 -- < 28 > 

n->oo n P 1 — p 

as far as a real part of the zero is equal to — , which is consistent with the Riemann hypothesis. 
We can also show the relations concerning to regularized quantity for n — )■ oo as 

l im E^PL = i and i im , = -Hip), (29) 

where the prime means the derivative for z. 

All these order estimation above are made use of the relation derived from Hardy and 
LittlewoodpS] 

C(z) = Uz) + 0(n-**) (30) 

for 1 < 2irn/C, where C is constant greater than one, which means that can be taken 
as large as n. 

Finally we have to mention that the regularized form for the Riemann zeta function above 
in the region | < < 1 coincides with the analytic continuation. 
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Appendix 

Here we briefly show that the function of z with a parameter n, namely the left-hand 
side of (ED 

h 2n {z) = £ 2n (z) + (2n{z) (Al) 

converges to zero rapidly compared with ^2n( z ) or C,2n{z) for n — )■ oo at z = p, one of the 
non-trivial zeroes for the Riemann zeta function. The definitions given in ([!]) and (JSJ) are 



n 1 z 



n 

fc=i 

Cn(«) = Cn(«) - j _ . 

C(z) = lim £ ft (z). 

n— >oo 

By using the analytical continuation of the Euler-Maclaurin sum formula, we can write 

n 1-2 1 

C(z) = ( n (z) - — - — + R n (z), (A2) 

where R n (z) represents a residue term including the Bernoulli terms, which order of o(n _SRz ) 
for n — > oo. We write down 

((z)-Uz) = ~+Rn(z). (A3) 
On the other hand, the definition for the Euler alternating series given in (j2J) is 

k=l 

£(z) = lim f n (z). 

n— >oo 

This immediately means that 

eW = (l-2 1 -')CW, (A4) 
&n(«) = C 2 n(^) - 2 1 - z C„(^) (A5) 

and 

M*) =2C 2 nW-2 1 - 2 CnW. (A6) 
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Here we note the difference of first order as 

6n-l0) +6n(2) 



92n{Z) = 



2 

6.W + ^ (A7) 



and we get 



CO) - h 2n (z) 

C(z)-{2C 2 nO)-2 1 - Z CnO)} 

{CO) - GnO)} ~ {Ln(z) ~ 2 1 - z ( n {z)} 

' + R2n{z) 1 - f 2 „0) 



2(2n) 

= -92n(z) + R 2n {z). (A8) 
Putting z = p, one of non-trivial zeroes, we get a relation 

^2n(p) = #2n(p) - # 2 „(p). (A9) 

Meanwhile we evaluate g 2n {z) as 

1 



#27*0) = 6n0) + 



2(2n) 



O.W - 2-c.W + ^ 

(2r)V~ z 1 

CO) + — + ~?—^ - R2n(z) 

sv ; 1-z 2(2n) z v y 



,1-2 



CO) + q + TTT-^0) 



1-2 2n* W J 2(2n) z 

= (l-2 1 - 2 )CO)-^2nO)+2 1 ^nO) 

= i{z)-R 2n {z) + 2 1 - z R n {z) (A10) 
and again putting z = p, we get another relation 

<?2n(p) = -RM + 2 1 ^ J R„(p). (All) 

By using (TA9|) and flAlljl . we get 

Mp) = -2i? 2n (p) + 2 l - p R n {p). (A12) 

Eqs. tjAlip and (|A12[) are both order of o(n~ 1//2 ), which shows that the h 2n (p) converges 
to zero more rapid than £ 2 n(p) or C2n(p)- 
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